A CHARACTERIZATION OF LOCALLY MACAULAY COMPLETIONS CRAIG HUNEKE
The purpose of this note is to prove the following theorem. 
Recall the local ring (S, N) is equidimensional if for every minimal prime divisor p of zero, dim S/p = dim S.
Serre's property S k is that depth R p ^ min [ht p, k] for all primes p. We will always denote the local cohomology functor by Hi(_) ( [1] ).
We recall the definition of a d-sequence due to this author [3] . DEFINITION 0.1. A system of elements x u ••-, x d in a commutative ring R is said to be a ^-sequence if (1) x
): x k ) for fc ^ ί + 1 and i ^ 0. A d-sequence is said to be unconditioned if any permutation of it remains a d-sequence.
These have been studied extensively by this author and have been useful to determine the "analytic" properties of ideals generated by them. In [3] the following was skown:
of this characterization of rings with "lots" of ^-sequences, Theorem 1.1 is the generalization of a result due to Steven Me Adam [7] which in turn is related to a characterization of unmixed 2-dimensional local rings proved by Ratliff [8] .
Let (R, m) be a 2-dimensional local domain and let b, c be a system of parameters. By S(b, c, n) denote the least k such that (6-: c k 
Recall a local ring R is said to be unmixed if for each prime divisor p of (0) 
Ratliff showed, [8] , PROPOSITION. The following are equivalent for a 2-dίmensional local domain
McAdam discussed this and obtained the following improvement:
PROPOSITION [5] . Let (R, m) be as above. Then the following are equivalent:
(1) R is unmixed, i.e., for all prime divisors p of (0) in R, (1) is equivalent to (1) of the above proposition, note that if dim R = 2 and R is a domain, then to say R is unmixed is precisely to say R satisfies Si and is equidimensional.
Finally, we will show that R a) /R is isomorphic to Hi{R) in this case, and show that R w /R has finite length if and only if R
{1)
is a finitely generated iZ-module. Hence our Theorem 1.1 is the exact generalization of the above proposition of McAdam. 1* Proof of Theorem 1JL* For details on local cohomology we refer the reader to [1] . We note the following facts.
(
There is a canonical isomorphism, Hf\R) = Hl~\R).
(3) If S is a complete regular local ring mapping onto R (see [6] ) and M is the maximal ideal of S, then Ht\R) = Hfr\R) where R is regarded as an S-module.
( 4 ) If S is chosen as in (3), e = dim S, and we let
and Jϊi(i?) = Hom s (ExtΓ'" CR, S), #)• This is local duality. (5 -(d -1)) i.e., if and only if
in any case. For since S is regular, dim S -dim S p + dim S/p and so the left side is just
Thus it is enough to show dim R ^ dim S/p + dim (R) 9 but this clearly always holds since p contains /.
Thus we have shown H£r ι {R) has finite length if and only if
We claim these last two inequalities occur if and only if R satisfies S tf _! and is equidimensional. If (*) occurs then clearly (R) p must be Cohen-Macaulay for all p Φ m, and since depth R = d -1, this shows R satisfies S d^. Since we must have
in this case, the work above shows that for all p2l,
and this shows R is equidimensional.
Conversely, since R is catenary, if R satisfies S rf _i and is equidimensional then
for all primes p Φ m, and
for all primes p. Thus in this case (*) holds and so Hi~\R) has finite length. We now show (2) if and only if (3) . Assume (2). Then there is a N such that m N Ht\R) = 0. It was shown in [2] that if R -» S faithfully flat and x ίf , x n e R then these elements form a d-sequence in R if and only if they form a d-sequence in S. Thus we may work in R and assume R is complete for the remainder of this implication. By (1), R is locally Cohen-Macaulay on the punctured spectrum, i.e., R satisfies Serre's condition S^.
Now let By the construction (5) above we see this means that
becomes a trivial syzygy of
In particular, As x l9 •••, ^_! forms an i2-sequence, this shows (see [4] ) that which shows (3). Now assume (3) 
The kernel is the set of t e S such that (t, t) e M; this is precisely if teR.
We have therefore shown HUR) = S/R . Now if S is finitely generated over R, then HUJt) is also and so it has finite length. Conversely, if Hl(R) = S/R has finite length, then S is obviously a finite iϋ-module.
